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EMPIRICAL EQUATIONS FOR ELECTRON BACKSCATTERING COEFFICIENTS 
T by Kenneth F. Koral and Al lan  J. Cohen 
SUMMARY 
Empirical  equat ions were obtained f o r  e l e c t r o n  backsca t t e r ing  c o e f f i c i e n t s  
i n  t h e  energy range 0 .6  t o  1.8 MeV. 
s c a t t e r i n g  c o e f f i c i e n t s  and approximate angular-incidence backsca t t e r ing  coef- 
f i c i e n t s  as func t ions  of thickness ,  atomic number, and energy. Ma te r i a l s  i n -  
volved were metals  wi th  atomic numbers ranging from 13 t o  79. Addi t iona l  d a t a  
a re  presented  t o  allow ex t r apo la t ion  of t h e  formulas t o  include i n c i d e n t  ener-  
g i e s  between 5.0 keV and 3.0 MeV. 
These equations give normal-incidence back- 
By using the  empi r i ca l  equations,  an upper l i m i t  w a s  c a l c u l a t e d  f o r  t h e  
f r a c t i o n  of e l e c t r o n s  backsca t t e red  from the c o l l e c t o r  t o  t h e  e m i t t e r  of a b e t a  
r ad io i so tope  c e l l .  Fo r  t h e  p a r t i c u l a r  proposed design considered, t h e  upper 
l i m i t  i n d i c a t e d  t h a t  e l e c t r o n  backscat ter ing from t h e  c o l l e c t o r  would cause, 
w i th  t h e  proper material, only moderate e f f ic iency  l o s s e s  i n  t h e  c e l l .  dJW /J 
INTRODUCTION /
The b e t a  r ad io i so tope  c e l l ,  which has been proposed as a l i gh twe igh t  e l e c -  
t r i c  powerplant (refs. 1 and Z), has a be ta  source deposi ted on a metal  f o i l  
,enclosed i n s i d e  a t h i n  metal  co l l ec to r .  Backscattered e l e c t r o n s  from t h e  metal  
sur faces  ( t h a t  is, primary e l e c t r o n s  turned around by mul t ip l e  s c a t t e r i n g s ) ,  as 
w e l l  as secondary e lec t rons ,  w i l l  d e t r a c t  from the  performance of t h e  c e l l .  An 
a n a l y s i s  of t h e  reduct ion of e f f i c i e n c y  requi res  a knowledge of t h e  backsca t t e r -  
i n g  coe f f i c i en t ,  t h e  r a t i o  of backscat tered t o  i n c i d e n t  e lec t rons .  A t h e o r e t i -  
c a l  express ion  f o r  t h e  backsca t t e r ing  c o e f f i c i e n t  does not e x i s t .  
p r i o r  t o  r e fe rence  3, published d a t a  on backsca t t e r ing  was scanty i n  t h e  energy 
range of a d i s i n t e g r a t i n g  b e t a  emi t te r .  I n  r e fe rence  3, backsca t t e r ing  c o e f f i -  
c i e n t s  were determined by t h e  r e t a r d i n g  p o t e n t i a l  method as func t ions  of t a r g e t  
t h i ckness  and atomic number as w e l l  as primary e l e c t r o n  energy and angle of i n -  
cidence. A v a r i e t y  of metals from aluminum t o  gold  were measured i n  t h e  energy 
range 0 .6  t o  1.8 MeV. Thicknesses ranged from 12.7 t o  494 mill igrams per  square 
centimeter.  
Moreover, 
It i s  t h e  purpose of t h i s  r e p o r t  t o  present gene ra l  empi r i ca l  r e l a t i o n s  f o r  
t h e  backsca t t e r ing  coe f f i c i en t .  F i r s t ,  an equat ion f o r  t h e  normal-incidence 
b a c k s c a t t e r i n g  c o e f f i c i e n t  as a func t ion  of  t h i ckness  i s  f i t t e d  t o  t h e  data. 
This  formula holds  f o r  m a t e r i a l s  w i th  atomic numbers between 13 and 79. Subse- 
quently, r e l a t i o n s  f o r  t h e  backsca t t e r ing  c o e f f i c i e n t  as a func t ion  of t h e  angle 
of incidence of t h e  primary e l e c t r o n s  a r e  found. 
i t y ,  then, t h e  empir ical  equat ions give t h e  backsca t t e r ing  c o e f f i c i e n t  f o r  ar- 
b i t r a r y  angular  incidence and a r b i t r a r y  th ickness .  
Within t h e i r  range of v a l i d - ,  
The energy and atomic number dependent parameters of t h e  empir ica l  equa- 
t i o n s  are  presented e i t h e r  as formulas or i n  g raph ica l  form. Ext rapola t ion  of 
t h e  equat ions t o  include inc iden t  e l e c t r o n  energ ies  from 5.0 keV t o  3.0 MeV i s  
made possible  by using a d d i t i o n a l  d a t a  from t h e  l i t e r a t u r e  ( r e f s .  4 and 5 ) .  I n  
an app l i ca t ion  t o  t h e  b e t a  rad io iso tope  c e l l ,  an upper l i m i t  on t h e  f r a c t i o n  of 
e l ec t rons  backsca t te red  from c o l l e c t o r  t o  e m i t t e r  of a s p h e r i c a l  c e l l  of spe- 
c i f i c  design i s  ca l cu la t ed  using t h e  empir ica l  equations.  
ANALYSIS AND RESULTS 
The p r a c t i c a l  range R of an e l e c t r o n  i s  t h e  maximum d i s t ance  ar, e l e c t r o n  
of given energy can pene t r a t e  a given m a t e r i a l  (neg lec t ing  s t r a g g l i n g ) .  
p lays  an important r o l e  i n  backsca t t e r ing .  For ma te r i a l s  of t h i ckness  t l e s s  
than  
pene t r a t e  t h e  same th ickness .  R/2, none 
of t h e  e l ec t rons  t h a t  pass  through t h e  m a t e r i a l  have s u f f i c i e n t  energy t o  r e -  
pene t r a t e  t h e  th ickness .  Thus, i f  s t r a g g l i n g  i s  neglected,  m a t e r i a l s  of t h i ck -  
ness  g r e a t e r  than  ha l f  range s top  more e l ec t rons ,  bu t  do not  backsca t t e r  more 
e l e c t r o n s  than  ma te r i a l s  of th ickness  equal  t o  ha l f  range. Therefore, t h e  
backsca t te r ing  c o e f f i c i e n t  
th ickness  equal  t o  o r  g r e a t e r  than  t h e  h a l f  range th ickness .  
i n g  c o e f f i c i e n t  f o r  t hese  th icknesses  ( t  ,> R/2)  i s  def ined  as t h e  maximum back- 
s c a t t e r i n g  c o e f f i c i e n t  vmax. 
The p r a c t i c a l  range of an e l e c t r o n  i n  aluminum i s  given by an empir ica l  
It 
R/2, many e l ec t rons  pene t r a t e  t h e  ma te r i a l  wi th  s u f f i c i e n t  energy t o  r e -  
For  ma te r i a l s  of th ickness  equal  t o  
-q has  a cons tan t  maximum value f o r  ma te r i a l s  of 
The backsca t t e r -  
equat ion from K a t z  and Penfold ( r e f .  6 )  f o r  i nc iden t  ene rg ie s  between 0 and 
2 . 5  MeV, 
(1) 
1.265-0.0954 I n  E R = 412 E 
where R i s  t h e  range i n  mill igrams per  square cent imeter  and E i s  t h e  k i n e t -  
i c  energy i n  MeV. ( A  l i s t  of symbols i s  given i n  appendix A . )  With t h e  as -  
sumption t h a t  t h e  p r a c t i c a l  range i s  inve r se ly  p ropor t iona l  t o  t h e  number of 
e l e c t r o n s  i n  t h e  t a r g e t  ma te r i a l  ( r e f .  7 ) ,  t h e  p r a c t i c a l  range i n  a m a t e r i a l  of 
atomic number Z and atomic weight A i s  given by a g e n e r a l i z a t i o n  of equa- 
t i o n  (1): 
A 13 1.265-0.0954 I n  E 
Z 27 R = - -  412 E 
It was shown i n  re ference  3 t h a t ,  f o r  a given mater ia l ,  t h e  dependence of 
t h e  measured backsca t t e r ing  c o e f f i c i e n t  on t a r g e t  t h i ckness  t i n  mill igrams 
pe r  square cent imeter  can be descr ibed simply i n  terms of t h e  dimensionless 
v a r i a b l e s  -q/-qmax and 2 t / R .  A t  normal incidence,  t h e  r e l a t i v e  backsca t t e r ing  
2 t / R  and does not  depend v/vmax i s  a func t ion  only of t h e  r e l a t i v e  th i ckness  
2 
Relative thickness, 211R 
Figure 1. -.Relative backscattering at normal incidence as 
function of relative thickness. (From ref. 3.) 
explici’t ly on primary e l e c t r o n  energy 
from 0 .6  t o  1.8 MeV. I n  t h e  fol lowing 
section, t h i s  f a c t  i s  used as t h e  start-  
ing point  f o r  developing t h e  empi r i ca l  
e quat ions . 
Rela t ive  Backscat ter ing a t  
Normal Inc  i de n c e 
Curves f o r  t h e  experimentally de- 
termined r e l a t i v e  backsca t t e r ing  a t  nor- 
m a l  incidence a g a i n s t  r e l a t i v e  th i ckness  
are r e p l o t t e d  from reference 3 for a lu -  
minum, molybdenum, and gold i n  f i g u r e  1. 
The corresponding curves f o r  o t h e r  ma- 
t e r i a l s  r e p o r t e d  i n  reference 3 are s i m -  
i lar. 
With t h e  proper constants,  t h e  following equat ion i s  found t o  give a good 
f i t  t o  t h e  e n t i r e  range of t h e s e  normal incidence data 
-a( Z t / R ) n  
= 1 - e  + a  ‘(0) 
‘max (0) 
( 3 )  
The constants,  which 
t h e  equat ion through 
depend on atomic number ( t h e  primary e l e c t r o n  energy e n t e r s  
( 0 ) ) ,  a r e  determined by p l o t t i n g  ‘max 
a g a i n s t  ln(Zt /R)  f o r  t h e  experimental  data. 
s lope i s  n and whose i n t e r c e p t  i s  I n  a. The parameter a ( a  s m a l l  correc-  
t i o n )  i s  chosen t o  b r i n g  t h e  va lues  corresponding t o  t h e  high and low r e l a t i v e  
th i cknesses  onto t h e  l i n e .  The cons t an t s  determined i n  t h i s  way for t h e  seven 
metals appear i n  t a b l e  I. 
A s t r a i g h t  l i n e  r e s u l t s  whose 
From examining t h e  va lues  i n  t a b l e  I, it was found t h a t  t h e  fol lowing two 
equat ions a c c u r a t e l y  r ep resen t  CL and n and permit i n t e r p o l a t i o n  f o r  metals  
of o t h e r  atomic numbers 
n = 2.32 - 8.40~10-~ Z ( 4 )  
0.55 a = 0.760 Z (5) 
The parameter a can be determined only approximately from t h e  present  data. 
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TABLE I. - PARAMETERS OF EQUATION (3)  Fori FGLATIVE 
BACKSCATTERING AT NORMAL INCIDENCE 
Mater ia l  
Aluminum 
I r o n  
Nickel 
Molybdenum 






































i s  replaced by y and 
It has a small  e f f e c t  on the'equa- 
t i o n  f o r  most of t h e  range of rela: 
t i v e  thickness ,  however, and i t s  
value can be i n t e r p o l a t e d  f o r  o ther  
Z m a t e r i a l s  from t a b l e  I. 
The f i t  of t h e  previous equa- 
t i o n s  can be seen by comparison t o  
t h e  experimental  d a t a  of r e f e r -  
ence 3. 
data i s  est imated t o  be l e s s  t han  
+ 7  percent and -2 percent  of t h e  
measured value ( r e f .  3). ) Equa- 
t i o n  (3)  becomes 
cL(2t /R)n  i s  rep laced  by x. This  
(Experimental e r r o r  i n  the  
i f  -X y = 1 - e 
[rl(0)/rlmax(o)l - a 
equation and t h e  va.lues f o r  y and x computed from t h e  experimental  data a r e  
shown i n  f i g u r e  2. From t h i s - f i g u r e ,  it i s  seen t h a t  t h e  empi r i ca l  equat ions 
f i t  t h e  e n t i r e  range of t he  data. The l a r g e s t  d i f f e r e n c e  between t h e  backscat-  
t e r i n g  c o e f f i c i e n t  from experiment and t h a t  from t h e  equat ions i s  0.05 of t h e  
maximum backsca t t e r ing  coe f f i c i en t .  
From f i g u r e  1 (or eq. ( 3 ) ) ,  it can be seen t h a t  r e l a t i v e  backsca t t e r ing  
r i s e s  f a s t e r  w i th  t h e  r e l a t i v e  th i ckness  f o r  higher  Z t a r g e t s .  This i s  be- 
cause the  higher  Coulomb s c a t t e r i n g  of t h e s e  metals cause more r e v e r s a l  of d i -  
r e c t i o n  per pene t r a t ion  of t h e  e l e c t r o n s  i n t o  t h e  metal ,  A concomitant e f f e c t  
i s  more absorption of e l e c t r o n s  per r e l a t i v e  thickness .  Therefore, t h e  t r a n s -  
Figure 2. - Comparison of empirical equation and experimental points for relative backscattering variable as function of relative 
thickness variable. 
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Figure 3. - Relative transmission as function of fraction of range. 
(Data taken from ref. 8. I 
Angle of incidence, 8, deg 
Figure 4. - Maximum backscattering coefficient at 1.2 MeV as function 
of angle of incidence. (From ref. 3.)  
mission of e l e c t r o n s  would be ex- 
pected t o  be l e s s  per  r e l a t i v e  
thickness  f o r  higher  Z metals. 
This has been observed by S e l i g e r  
( r e f .  8) .  Curves of r e l a t i v e  
transmission as a func t ion  of r e l a -  
t i v e  th i ckness  f o r  0.96-MeV e lec-  
t rons  i n c i d e n t  on aluminum and l e a d  
are  r e p l o t t e d  from S e l i g e r ' s  r e -  
sults i n  f i g u r e  3. They show t h a t  
t h e  l e a d  t ransmiss ion  decreases 
much f a s t e r  t h a n  t h e  aluminum 
transmi s sion. 
S e l i g e r  a l s o  found t h a t  curves 
of e l e c t r o n  t ransmiss ion  aga ins t  
r e l a t i v e  th i ckness  do not  contain 
an e x p l i c i t  dependence on energy 
( r e f .  8), as i s  t h e  case f o r  t he  
r e l a t i v e  backsca t t e r ing  curves pre- 
sented herein.  The observat ions on 
transmission were made f o r  inc ident  
e lec t ron  ene rg ie s  between 0.159 
and 0.960 MeV. 
A s  i n d i c a t e d  i n  f i g u r e  1, the  
data  of r e fe rence  3 do not extend 
down t o  zero r e l a t i v e  thickness .  
Moreover, t h e  experimental  r e l a t i v e  
backscat ter ing a t  t h e  lowest r e l a -  
t i v e  th i cknesses  i s  l e v e l i n g  o f f  
toward a nonzero i n t e r c e p t  ( see  
f ig .  l), p a r t i c u l a r l y  i n  t h e  case 
of aluminum. Re la t ive  backscat-  
t e r i n g  must, i n  t he  l i m i t ,  approach 
zero f o r  zero r e l a t i v e  thickness .  
The empi r i ca l  equat ions based on 
the  d a t a  of reference 3 p r e d i c t  a 
nonzero in t e rcep t ,  and, therefore ,  
a r e  not app l i cab le  f o r  thicknesses  
very c lose  t o  zero (va lues  of 
2 t / R  << 0.04). 
Maximum Backsca t te r ing  Coef f i c i en t  as a Function of Angle of Incidence 
The maximum backsca t t e r ing  c o e f f i c i e n t  i nc reases  wi th  t h e  angle of i n c i -  
dence of t h e  impinging e lec t rons .  
f o r  t h r e e  metals,  aluminum, molybdenum, and gold. 
w i th  6' i s  shown i n  f i g u r e  4 (from r e f .  3) f o r  1.2-MeV primary e lec t rons .  
I n  reference 3, the  dependence was measured 
The v a r i a t i o n  of vmax(Q) 
The fo l lowing  equat ion was found t o  describe the  1.2-MeV curves as we l l  
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TABLE 11. 1 PARAMETER OF EQUATION (6) FOR 
THE MAXIMUM BACKSCATTERING COEFFICIENT 
Range, 











M a t e r i a l  Energy, I E, B, Equation (6) -1 value for 
6% %ax (901, 
percent  
3. 10X10-2 78.9 
3.32 81.8 






1.51 83. 4 
;1 Aluminum 
I I O a 8  1.2 
L 0.8 1.8 
as t h e  0.8- and 1.8-MeV curves of r e fe rence  3: 
For each material and energy, t h e  parameter B i s  determined from t h e  maximum 
backsca t t e r ing  c o e f f i c i e n t  a t  normal incidence qmax(0), and t h e  maximum back- 
s c a t t e r i n g  c o e f f i c i e n t  a t  60°, t h e  endpoint of t h e  data .  The r e s u l t i n g  va lues  
are shown i n  t a b l e  11. It was found t h a t  t h e s e  B va lues  can be r ep resen ted  
as a funct ion of t h e  atomic number of t h e  material and of t h e  energy-dependent 
range of t h e  primary e l e c t r o n s  by: 
The va lues  of t h e  maximum backsca t t e r ing  c o e f f i c i e n t  a t  90' which a r e  pre- 
d i c t e d  by equat ion ( 6 )  are shown i n  table  11. The va lues  c l u s t e r  about 82 per- 
cent  and appear t o  be nea r ly  independent of m a t e r i a l  and energy. Th i s  near  
coincidence of t h e  p r o j e c t e d  maximum b a c k s c a t t e r i n g  c o e f f i c i e n t s  a t  90' pre- 
s e n t s  an a l t e r n a t e  method ( equ iva len t  t o  eq. ( 7 ) )  f o r  determining t h e  param- 
e t e r  B f o r  o t h e r  ma te r i a l s .  The parameter can be eva lua ted  t o  w i t h i n  5 per-  
cent from 
B = -  90 I cosh-l  [ 82(0)] 
'max 
(0 ) ,  t h e  maximum b a c k s c a t t e r i n g  c o e f f i c i e n t  a t  Oo, c a r r i e s  t h e  depen- 'max He re ,  
dence on atomic number and energy ( o r  r ange ) .  
The f i t  of equat ions ( 6 )  and ( 7 )  can be seen by p l o t t i n g  
%ax (0)/Tmax(O) = cosh x and eva lua t ing  t h e  d a t a  p o i n t s  f o r  vmax( e ) /7imax( O ) 
6 
0 . 3  . 6  . 9  1. 2 1.5 1. 8 2. 1 2.4 
Variable dependent on  angle of incidence, x = BO 
Figure 5. - Comparison of empirical equation and experimental points for normalized maximum backscattering coefficient as func- 
t ion of variable dependent on angle of incidence. 
and x = Be. This  p l o t  i n  f i g u r e  5 shows t h a t  t h e  equat ions g ive  
(@)/T ‘ma, m a x  ( 0 )  t o  wi th in  2.5 percent  of t h e  measured value.  
Equations ( 3 )  and ( 6 )  have been shown t o  f i t  t h e  experimental  data only i n  
t h e  energy range 0 . 6  t o  1.8 MeV, b u t  it i s  reasonable t o  expect t h a t  they  can 
be extended t o  both somewhat h igher  and lower energ ies .  Their  use a t  h igher  
and lower ene rg ie s  r e q u i r e s  knowledge of t h e  maximum backsca t t e r ing  c o e f f i c i e n t  
a t  normal incidence.  A graph of t h i s  c o e f f i c i e n t  aga ins t  energy i s  presented 
Energy, E, MeV 
Figure 6. - Maximum backscattering coefficient at normal incidence as function of energy. 
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i n  f i g u r e  6. 
( r e f .  4)  and values  from t h e  c r o s s p l o t s  of Wright and Trump ( r e f .  5) .  Where ' 
comparable, t h e  va lues  of reference 5 were s l i g h t l y  lower than  those  of r e f e r -  
ence 3. (The b a c k s c a t t e r i n g  c o e f f i c i e n t s ,  expressed i n  percent,  d i f f e r e d  by 
between 1.2 and 2.8 p e r c e n t . )  Since c o r r e c t i o n s  f o r  secondary emission from 
t h e  c o l l e c t i n g  e l e c t r o d e  were not app l i ed  i n  reference 5, it i s  t h e  most l i k e l y  
reason f o r  t h e  d i f f e rence .  Accordingly, t h e  values  of r e fe rence  5 have been 
co r rec t ed  i n  abso lu te  value i n  f i g u r e  6 by r e q u i r i n g  coincidence wi th  t h e  data 
of reference 3 a t  1.0 MeV. 
The data of reference 3 a r e  combined w i t h  measurements b y ' P a l l u e 1  
Relative Backscat ter ing a t  Angular Incidence f o r  A r b i t r a r y  Thickness 
For angular  incidence of  t h e  primary e l ec t rons ,  t h e  r e l a t i v e  backsca t t e r -  
y(0)/qmax(e) i s  aga in  dependent only on t h e  re la t ive  th i ckness  and not  ex- i n g  
p l i c i t l y  on t h e  e l e c t r o n  energy. This  i s  shown i n  f i g u r e  7 f o r  moljr5denm 
(data taken froiii r e f .  3) a t  angles  of 30", 4 5 O ,  and 60'. The curve f o r  rela- 
t i v e  backsca t t e r ing  a t  normal incidence ( e  = 0 )  i s  shown f o r  comparison. The 
r e l a t i v e  backsca t t e r ing  inc reases  fas ter  wi th  re la t ive t h i c k n e s s  t h e  l a r g e r  t h e  
angle  of incidence.  
w i t h  the  t a r g e t  t h i c k n e s s  less  than  R/2 i s  available. 
Molybdenum i s  the only material f o r  which angular  data 
It i s  seen from f i g u r e  7 t h a t  f o r  molybdenum t h e  curves a t  va r ious  ang le s  
of incidence have t h e  same form as t h e  one f o r  re la t ive backsca t t e r ing  a t  nor- 
m a l  incidence. The curves can be f i t  by a g e n e r a l i z a t i o n  of  equat ion (3 )  s i m -  
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Figure 7. - Relative backscattering at angles of incidence as 
function of relative thickness for molybdenum. (Data taken 
from ref. 3. 1 
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TABLE 111. - PARAMETER OF EQUATION (9) 
FOR RELATIVE BACKSCATTERING AT 
ANGULAR INCIDENCE 
[Material, molybdenum. ] 
I Angle of incidence, I C ( e )  I 
The values  f o r  
incidence and appear i n  t a b l e  111. The values of a, n, and a a r e  as before  
( s e e  t a b l e  I, p. 4 ) .  
C (  e )  are determined as i n  t h e  ‘case of determining n a t  normal 
If (2t /R)C(e)  i s  set  equa l  t o  x and i f  a, n, and a a r e  given t h e i r  
va lues  f o r  molybdenum i n  equat ion ( 9 ) ,  t h e  following equat ion r e s u l t s :  
1.94 
- 6 . 0 5 ~  
= 1.005 - e w 
‘max ( e )  
This  equat ion i s  p l o t t e d  i n  f i g u r e  8, and t h e  data p o i n t s  evaluated a t  
q(Q)/vmax(e) and x a r e  compared t o  it. The empi r i ca l  equat ion g ives  t h e  
r e l a t i v e  b a c k s c a t t e r i n g  f o r  molybdenum t o  wi th in  0.02 of t h e  maximum backscat-  
t e r i n g  c o e f f i c i e n t  a t  t h e  given angle, according t o  t h e  f i g u r e .  A p l o t  of C(Q) 
Figure 8. - Comparison of empirical equation and experimental data for relative backscattering at angles of incidence 
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Figure 9. - Curve parameter of equation (9) as function of angle of i n -  
cidence for molybdenum. 
f o r  molybdenum i s  shown i n  f i g -  , 
ure 9 t o  f a c i l i t a t e  i n t e r p o l a t i o n  
t o  o t h e r  ang le s  of incidence.  
Equation ( 9 )  has  been shown 
t o  f i t  t h e  data f o r  molybdenum. 
For o t h e r  materials, t h e  parameter 
C(9)  cannot be determined from ex- 
i s t i n g  data .  However, equa- 
t i o n  ( 9 )  can be used f o r  o t h e r  
m a t e r i a l s  by assuming t h a t  C(9) 
i s  independent of t h e  atomic num- 
ber .  Then, by using t h e  a and 
n of equat ions ( 4 )  and ( 5 )  and 
t h e  a of t a b l e  I, as w e l l  as t h e  
C(9) f o r  molybdenum, t h e  r e l a t i v e  
backsca t t e r ing  a t  angular  i n c i -  
dence can be approximated for mate- 
r i a l s  from aluminum t o  gold by 
equat ion ( 9 ) .  More data a r e  needed 
t o  determine t h e  accuracy of t h i s  procedure. 
Backscat ter ing From t h e  Co l l ec to r  of a Beta Radioisotope C e l l  
The preceding empir ical  equat ions can be used t o  c a l c u l a t e  t h e  e f f e c t  of 
e l e c t r o n  backsca t t e r ing  from t h e  c o l l e c t o r  upon t h e  performance of a b e t a  r a d i o -  
i so tope  e l e c t r i c  generator .  The b e t a  c e l l  ( r e f s .  1 and 2 )  i s  a power genera- 
t i o n  concept i n  which a c e n t r a l  e l ec t rode ,  t h e  emit ter ,  i s  coated w i t h  a r ad io -  
i so tope  which emits e l e c t r o n s  t h a t  t r a v e l  a c r o s s  a vacuum gap t o  an i n s u l a t e d  
o u t e r  e lectrode,  t h e  c o l l e c t o r .  The k i n e t i c  energy of t h e  e l e c t r o n s  i s  con- 
v e r t e d  t o  e l e c t r i c  p o t e n t i a l  energy by b u i l d i n g  up a h igh  vol tage between t h e  
two e l ec t rodes .  Any backsca t t e r ing  of e l e c t r o n s  impinging on t h e  c o l l e c t o r  
back t o  the e m i t t e r  reduces t h e  e f f i c i e n c y  of t h e  c e l l .  Co l l ec to r  secondary 
e l e c t r o n s  (almost always less  than  50 eV i n  energy) a l s o  reduce c e l l  e f f i c i e n c y .  
Secondary e l ec t rons ,  however, can be suppressed by a screen w i t h  a moderate 
bias. Such a suppressor screen would not work f o r  t h e  high-energy backscat-  
t e r e d  e l ec t rons .  
An upper l i m i t  f o r  t h e  f r a c t i o n  of backsca t t e red  e l e c t r o n s  can be calcu- 
l a t e d  by assuming t h a t  a l l  t h e  e l e c t r o n s  backsca t t e red  from t h e  c o l l e c t o r  t r a v e l  
back t o  the  emi t t e r .  To f i n d  t h i s  upper l i m i t  a knowledge of t h e  d i s t r i b u t i o n  
i n  angle  and energy of t h e  impinging e l e c t r o n s  i s  required.  Th i s  information 
i s  ca l cu la t ed  i n  reference 2 f o r  a sphe r i ca l ,  cerium 144 b e t a  c e l l  design, t h e  
model assumed herein.  D e t a i l s  of t h e  use of t h e  empi r i ca l  equat ions f o r  t h e  
s p h e r i c a l  c e l l  c a l c u l a t i o n s  appear i n  appendix B. Of course, a completely r i g -  
orous and d e t a i l e d  c a l c u l a t i o n  of t h e  e f f e c t s  of b a c k s c a t t e r i n g  would r e q u i r e  
considerat ion of a d d i t i o n a l  f a c t o r s  no t  covered i n  appendix B, 
s c a t t e r i n g  from t h e  e m i t t e r  s u r f a c e s  themselves. 
such as back- 
The c y l i n d r i c a l  design of r e fe rence  2 could a l s o  have been used as a model 
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Figure 10. - Upper limit for electrons backscattered from collector of spherical, beta cell 
as function of collector thickness. 
f o r  the p resen t  ca l cu la t ion .  Backscat ter ing from t h e  c o l l e c t o r  t o  t h e  e m i t t e r  
would be similar because t h e  h ighe r  average energy of t h e  impinging e l e c t r o n s  
would reduce t h e  backscat ter ing,  while t h e i r  h ighe r  average angle  of incidence 
would inc rease  it. 
Ca lcu la t ed  r e s u l t s  f o r  t h e  s p h e r i c a l  model are shown i n  f i g u r e  10. The 
upper l i m i t  on t h e  f r a c t i o n  of e l e c t r o n s  backsca t t e red  from c o l l e c t o r  t o  e m i t -  
t e r  over t o t a l  number of e l e c t r o n s  h i t t i n g  the c o l l e c t o r  i s  p l o t t e d  a g a i n s t  t h e  
c o l l e c t o r  t h i c k n e s s  f o r  t h r e e  ma te r i a l s .  This upper l i m i t  i n c r e a s e s  very rap- 
i d l y  wi th  t h e  c o l l e c t o r  t h i ckness  and i s  more than  one-half t h e  maximum value 
a t  a t h i c k n e s s  of 0.015 cent imeter  (0.006 i n . )  f o r  a l l  t h r e e  ma te r i a l s .  
aluminum, t h e  upper l i m i t  of p a r t i c l e s  backsca t t e red  has  t h e  lowest value and 
t h e  slowest r a t e  of i nc rease  with thickness.  
For 
The r educ t ion  i n  e f f i c i e n c y  of t h e  beta c e l l  due t o  c o l l e c t o r  backsca t t e r -  
ing, as a percent  of t h e  ca l cu la t ed  e f f i c i e n c y  i s  simply equal  t o  t h e  f r a c t i o n  
of p a r t i c l e s  backsca t t e red  ( r e f .  2 ) .  
e r e d  i s  26.0 percent  according t o  reference 2. For a 0.010-centimeter aluminum 
c o l l e c t o r ,  as an example, t h e  upper l i m i t  on t h e  f r a c t i o n  of p a r t i c l e s  back- 
s c a t t e r e d  t o  t h e  emitter i s  7.4 percent.  Therefore, t h e  upper l i m i t  on t h e  r e -  
duct ion of c a l c u l a t e d  e f f i c i e n c y  i s  7.4 percent t i m e s  26.0 percent  o r  1.9 per- 
cent.  Backsca t t e r ing  of e l e c t r o n s  from the  c o l l e c t o r  can, t he re fo re ,  reduce 
t h e  e f f i c i e n c y  i n  t h i s  case a t  worst from 26.0 percent  t o  about 24.1 percent.  
Similar ly ,  f o r  a t h i c k  aluminum c o l l e c t o r  ( g r e a t e r  t han  0.150 em), t a k i n g  i n t o  
account, i n  add i t ion ,  t h e  dependency on the  number of sum i n t e r v a l s  used i n  t h e  
eva lua t ion  ( s e e  appendix B),  t h e  backsca t t e r ing  can reduce t h e  e f f i c i e n c y  a t  
most from 26.0 percent  t o  about 20.9 percent. For t h e  p a r t i c u l a r  proposed de- 
s i g n  considered, then, e l e c t r o n  backsca t t e r ing  from an aluminum c o l l e c t o r  would 
cause only moderate e f f i c i e n c y  lo s ses .  
The e f f i c i e n c y  of t h e  beta c e l l  consid- 
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CONCLUDING REMARKS 
Empirical  equat ions f o r  e l e c t r o n  backsca t t e r ing  c o e f f i c i e n t s  were found as 
func t ions  of metal t h i ckness  and primary e l e c t r o n  angle  of incidence.  Backscat- 
t e r i n g  c o e f f i c i e n t s  f o r  normal incidence w i t h  an a r b i t r a r y  t h i c k n e s s  material, 
and f o r  angular  incidence w i t h  a material t h i c k e r  t han  h a l f  range, a r e  accur- 
a t e l y  given f o r  a wide range of atomic numbers. Moreover, b a c k s c a t t e r i n g  coef- 
f i c i e n t s  f o r  angular  incidence and an a r b i t r a r y  th i ckness  material a r e  given 
f o r  t h e  same range of atomic numbers t o  t h e  approximation t h a t  t h e  molybdenum 
r e l a t i v e  backsca t t e r ing  dependence on angle  of incidence i s  i d e n t i c a l  w i t h  t h a t  
of o t h e r  metals. 
The empi r i ca l  equat ions were app l i ed  t o  a spherical ,  beta r ad io i so tope  c e l l  
of s p e c i f i c  design. An upper l i m i t  on t h e  f r a c t i o n  of e l e c t r o n s  i n c i d e n t  on 
t h e  c o l l e c t o r  t h a t  are backsca t t e red  t o  t h e  e m i t t e r  was computed by u t i l i z i n g  
previously ca l cu la t ed  angle and energy d i s t r i b u t i o n s  ( ref .  2 ) .  Values of t h e  
l i m i t  were lower f o r  aluminum c o l l e c t o r s  t h a n  f o r  i r o n  or molybdenum c o l l e c t o r s  
by a f a c t o r  of a t  l eas t  1- o r  2, r e spec t ive ly .  With aluminum, t h e  c e l l  e f f i -  
ciency can be reduced by c o l l e c t o r  b a c k s c a t t e r i n g  from 26.0 pe rcen t  t o  about 
20.9 percent  f o r  a t h i c k  c o l l e c t o r  and from 26.0 percent  t o  about 24.1 pe rcen t  
f o r  a 0.010-centimeter c o l l e c t o r .  
1 
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parameter i n  r e l a t i v e  backsca t t e r ing  equat ion 
parameter i n  maximum backsca t t e r ing  c o e f f i c i e n t  equation, deg-l  
parameter i n  r e l a t i v e  backsca t t e r ing  equat ion 
th ickness ,  cm 
k i n e t i c  energy of i nc iden t  e lec t ron ,  MeV 
average k i n e t i c  energy of i nc iden t  e lec t ron ,  MeV 
k i n e t i c  energy of electron a t  midpoint of ith i n t e r v a l ,  MeV 
f r a c t i o n  of e l e c t r o n s  i n  it' i n t e r v a l  
parameter i n  r e l a t i v e  backsca t t e r ing  equat ion 
p r a c t i c a l  range of e l ec t ron ,  mg/sq ern 
th ickness ,  mg/sq cm 
independent v a r i a b l e  
dependent v a r i a b l e  
atomic number 
parameter i n  r e l a t i v e  backsca t te r ing  equat ion 
backsca t t e r ing  c o e f f i c i e n t  ( r a t i o  of e l e c t r o n s  backsca t t e red  t o  e l e c -  
t r o n s  i n c i d e n t ) ,  percent  
m a x i m u m  backsca t t e r ing  coe f f i c i en t ,  percent  
angle  of incidence, deg 
average angle  of incidence, deg 
angle  of incidence a t  midpoint of ith i n t e r v a l ,  deg 
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APPENDIX B 
CALCULATION OF BACKSCATTERING FROM THE COLLECTOR 
FOR A SPHERICAL, BETA RADIOISOTOPE CELL 
An upper l i m i t  for t h e  f r a c t i o n  of p a r t i c l e s  backsca t t e red  from t h e  col-  
l e c t o r  t o  t h e  e m i t t e r  f o r  a spherical ,  b e t a  c e l l  can be obtained by assuming 
t h a t  a l l  t h e  c o l l e c t o r  backsca t t e red  e l e c t r o n s  r e t u r n  t o  t h e  emi t t e r .  The 
f r a c t i o n  of c o l l e c t o r  backsca t t e red  e l e c t r o n s ,  given t h e  angle  and energy d i s -  
t r i b u t i o n  of impinging e l ec t rons ,  can be determined as a func t ion  of c o l l e c t o r  
t h i ckness  and ma te r i a l .  It i s  necessary t o  assume 
(1) That t h e  empi r i ca l  equat ions developed i n  t h i s  r e p o r t  apply over  t h e  
i n c i d e n t  e l e c t r o n  energy range of 0 t o  2 . 1  MeV 
( 2 )  That f o r  m a t e r i a l s  o t h e r  t han  molybdenum, t h e  parameter C ( e )  of equa- 
t i o n  ( 9 )  i s  t h e  same as t h e  C(0) f o r  molybdenum 
The angle and energy d i s t r i b u t i o n s  of impinging e l e c t r o n s  f o r  a s p e c i f i c  
spherical ,  cerium 144 b e t a  c e l l  design a r e  given i n  r e fe rence  2. (The complete 
c e l l  design i s  given i n  t h a t  r e fe rence  a l s o . )  For t h e  ca l cu la t ion ,  t h e  imping- 
i n g  e l e c t r o n s  are broken up i n t o  f i v e  energy groups between 0 and 2.1 MeV. The 
f r a c t i o n  of e l e c t r o n s  i n  each group i s  shown i n  t a b l e  I V  along wi th  t h e  average 
energy E and t h e  average angle  of incidence 8 of t h e  e l e c t r o n s .  The average 
energy f o r  an e l e c t r o n  group i s  def ined as 
- - 
i - E =  
i 
wi th  t h e  sum over  0.1-MeV energy i n t e r v a l s  from t h e  minimum t o  t h e  maximum en- 
ergy oi" t h e  group, 
i n t e r v a l  and Fi t h e  f r a c t i o n  of e l e c t r o n s  i n  t h e  i n t e r v a l .  Likewise, f o r  a 
given energy group, 
I n  equat ion ( B l ) ,  Ei i s  t h e  energy a t  t h e  midpoint of each 
i - e =  
i 
where t h e  sum i s  over 5.0-degree angle-of-incidence i n t e r v a l s  from 0 t o  90 de- 
g rees  and €Ii i s  t h e  angle of incidence a t  t h e  midpoint of each i n t e r v a l .  For  
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TABU‘ I V .  - ELECTRONS INCIDENT ON THE COLLECTOR 





0 t o  0.4 
0.4  t o  .8 
.a t o  1.2 
1 . 2  t o  1.6 
1 . 6  t o  2.1 
Frac t ion  of Average I Average 
e l e c t r o n s  i n  energy, angle, 




16.25 0.275 51.0 
34.65 .598 40.5 
26.89 .987 33.0 
16.06 1.38 29.2 
6.14 1.76 25.9 
a c‘ollector of given m a t e r i a l  and 
given thickness ,  t h e  f r a c t i o n  of e l e c -  
t r o n s  backsca t t e red  can be c a l c u l a t e d  
f o r  each energy group from t h e  i n f o r -  
mation i n  t a b l e  IV,  and t h e  f i n a l  r e -  
s u l t  achieved by summing over t h e  f i v e  
energy groups. 
0 C E S 0 . 4  


















Because backsca t t e r ing  varies 
with t h e  angle  of incidence, t h e  use 
of t h e  average angle of incidence 8 
f o r  an e n t i r e  energy group can l e a d  
t o  e r r o r .  A check on t h e  c a l c u l a t i o n  
- 
< E _ < 0 . 8  < E L  










10.67 6. 72 
10.67 6.72 
0.90 0.18 





method was made using t h e  case of a t h i c k  aluminum c o l l e c t o r .  It was found t h a t  
d iv id ing  t h e  i n c i d e n t  e l e c t r o n s  i n t o  angle-of-incidence groups and using average 
va lues  f o r  each of t h e s e  groups produces only s m a l l  changes i n  t h e  f i n a l  r e -  
s u l t s .  
cent  w i th  a s i n g l e  angle-of-incidence group and 1 9 . 1  and 19.5 percent w i th  t h r e e  
and s ix  angle-of-incidence groups, respect ively.  The b e t a  c e l l  e f f i c i e n c y  i s  
reduced by t h e  e l e c t r o n  backsca t t e r ing  correspondingly, from 26.0 (no backscat-  
t e r i n g )  t o  21 .4  percent  w i th  one group and t o  21.0 and 20.9 percent  w i th  t h r e e  
and s i x  groups, r e spec t ive ly .  Therefore, the e f f i c i e n c y  c a l c u l a t i o n  appears t o  
converge t o  a value of about 20.9 percent  for a t h i c k  aluminum c o l l e c t o r ,  and 
t h e  use of only a s i n g l e  angle-of-incidence group i s  j u s t i f i e d .  
For a t h i c k  aluminum c o l l e c t o r ,  backsca t t e red  f r a c t i o n  t o t a l s  1 7 . 8  per-  
TABLE V. - ELECTRONS BACKSCATTERED FROM COLLECTOR 
OF A SPHERICAL, CERIUM 144 BETA CELL 
C o l l e c t o i  
material 
Aluminum 
I r o n  
MolybaenL 






















F r a c t i o n  of t o t a l  i n c i d e n t  e l e c t r o n s  
b a c k s c a t t e r e d  from c o l l e c t o r ,  
p e r c e n t  
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An example of t h e  c a l c u l a t i o n ' f o r  a t h i n  aluminum c o l l e c t o r  using an aver- 
age value of  t h e  angle of incidence f o r  an energy group follows. 
energy f o r  t h e  group of p a r t i c l e s  with ene rg ie s  between 1 . 2  and 1 . 6  MeV i s  1.38 
MeV ( f r o m t a b l e  IV). By equat ion (l), t h e  average range f o r  t h i s  average ener-  
gy i s  613 mill igrams p e r  square centimeter.  The maximum backsca t t e r ing  c o e f f i -  
c i e n t  a t  normal incidence f o r  t h i s  average energy i s  7 . 5  percent  according t o  
f i g u r e  6 (p.  7 ) .  The m a x i m u m  backsca t t e r ing  c o e f f i c i e n t  a t  t h e  average angle  of 
incidence,  29.2', i s  given by equat ion ( 6 )  as 11.5 percent .  
s p e c i f i c  c o l l e c t o r  t h i ckness  of 0.030 centimeter,  which i s  a r e l a t i v e  thickness ,  
2t/R, of 0.264. For th i s  r e l a t i v e  th i ckness  t h e  r e l a t i v e  backsca t t e r ing  i s  de- 
termined from equat ion (9) ,  w i t h  values  of $ a, and a f o r  aluminum taken 
from t a b l e  I (p.  4 )  and t h e  value of C(29.2 ) from f i g u r e  9 (p. 10) .  The r e l -  
a t i v e  backsca t t e r ing  i s  computed as 0.287. 
t h e r e f o r e  0.287 t imes 11.5 percent  o r  3.31 percent .  
backsca t t e red  i s  t h e  percentage t imes t h e  f r a c t i o n  of e l e c t r o n s  i n c i d e n t  i n  
t h i s  energy group, which i s  16.06 percent  (from table I V ) .  
cent  of the  t o t a l  p a r t i c l e s  i n c i d e n t  on t h e  c o l l e c t o r  are backsca t t e red  because 
of t h e  e n e r a  group 1.2 t o  1 . 6  MeV. Upon consider ing t h e  o t h e r  energy groups 
and summing, t h e  t o t a l  f r a c t i o n  of e l e c t r o n s  backsca t t e red  from t h e  c o l l e c t o r  
i s  13.6 percent f o r  t h i s  case. 
The average ' 
Now consider  a 
The b a c k s c a t t e r i n g  c o e f f i c i e n t  i s  
The f r a c t i o n  of e l e c t r o n s  
Therefore, 0.53 pe r -  
For o the r  r e p r e s e n t a t i v e  thicknesses ,  t a b l e  V gives,  f o r  each energy range, 
t h e  f r a c t i o n  of t o t a l  i n c i d e n t  e l e c t r o n s  t h a t  a r e  backsca t t e red  from t h e  co l -  
l e c t o r .  
l a r g e s t  con t r ibu t ion  t o  t h e  backsca t t e r ing .  Table V a l s o  g ives  t h e  t o t a l  f r a c -  
t i o n  backscattered, t h a t  is, t h e  sum over t h e  energy groups. With t h e  assump- 
t i o n  t h a t  all of t h e s e  e l e c t r o n s  r e t u r n  t o  t h e  emi t t e r ,  f i g u r e  10 (p. 11) i s  a 
p l o t  of t he  upper l i m i t  of t h e  f r a c t i o n  of e l e c t r o n s  backsca t t e red  t o  t h e  emit-  
t e r  as a funct ion of c o l l e c t o r  m a t e r i a l  and t h i c k n e s s  for t h e  given design. 
E lec t rons  w i t h  i n c i d e n t  ene rg ie s  between 0 .4  and 0.8 MeV make t h e  
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